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Introduction

Exponentially small phenomena: examples and techniques.

Exponentially small phenomena appear in different areas of dynamical systems,
either theoretical or applied. The most common problem is the Splitting of stable
and unstable invariant manifolds of hyperbolic objects in near integrable systems.

Bifurcation theory

Arnold diffusion

Oscillatory orbits in the N body problem (celestial mechanics)

Models of particle accelerators

Solitons and Breathers in partial differential equations

A lot of people has results in the area:

I. Baldomà, O. Castejó, L. Chierchia, A. Delshams, E. Fontich, Gaivao, G.

Gallavotti, G. Gentile, V. Gelfreich, M. Gonchenko, O. Gomide, P. Gutierrez, V.

Hakim, P. Holmes, A. Jorba, M. Kruskal, T. Làzaro, O. Larreal, V. Lazutkin, E.

Lombardi, P. Lochak, K. Mallic, J.P. Marco, P. Mart́ın, J. Marsden, Mastropietro,

A. Neishtad, C. Olivé, R. Raḿırez, M. Rudnev, D. Sauzin, H. Segur, J. Sheurle,

C. Simó, D. Treshev, Q. Wang, S. Wiggins.
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Introduction

Stable and unstable manifolds of saddle points

Some know facts:

If we have a differential equation ẋ = X (x), we assume X is smooth enough, x ∈ Rn and
a critical point x∗ such that DX (x∗) has eigenvalues with positive real part and
eigenvalues with negative real part) it is called a saddle (hyperbolic point).

The stable and unstable manifold theorem says that exists two manifolds W u , W s defined

in a neigborhood U ∈ Rn of x∗ such that

1 They are invariant by the flow: if x ∈W u,s then the orbit
ϕ(t; x) ∈W u,s for all t ∈ R (assume solutions are defined for all time).

2 W u,s contain the initial conditions of points whose orbit is asymptotic
to x∗.

3 If x ∈W s then ϕ(t; x)→ x∗ when t → +∞
4 If x ∈W u then ϕ(t; x)→ x∗ when t → −∞
5 They are as smooth as the flow and depend regularly on parameters.

If the stable and unstable manifolds intersect in a point q that we call homoclinic point,
then the whole orbit of q is in the intersection.

There is an analogous phenomenon for diffeomorphisms f : Rn → Rn and hyperbolic fixed
points with Df (x∗) has eigenvalues with modulus bigger or smaller than 1.
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splitting of separatrices

Splitting of separatrices.

One interesting problem is to show that the stable and unstable manifolds of
a saddle point intersect tranversally.

There are methods (power series...) to compute the ”local invariant
manifolds” (the piece of the manifold which is near the hyperbolic point)

It is almost impossible to compute the global ones

There are some systems that are integrable (for instance Hamiltonian
systems of one degree of freedom) and for these one can have explicit
formulas for the manifolds.

In integrable systems, the manifolds are coincident giving rise to the so
called homoclinic orbits.
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splitting of separatrices
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splitting of separatrices

Splitting of separatrices and chaos

It is interesting to find trasversal intersections of estable and unstable
manifolds, for instance to create chaos.

Once we have a transversal intersection between the stable and unstable
manifolds one can see the existence of a horseshoe for a suitable iteration of
the map:

The horseshoe map provides the existence of simbolic dynamics. In
particular we have periodic orbits af all the periods and also orbits which are
dense in some invariant subset: these orbits pass very close to the origin
once and again but they go back near the homoclinic point.
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splitting of separatrices

Splitting of separatrices: how to detect it?

The only way we can compute these manifolds is in a perturbative setting:
we have a family of systems Xε, depending on a small parameter ε and such
that Xε is ”close” to X0 and X0 is integrable

Main idea, Taylor expansion in ε: we look for the solution of

ẋ = X (x , ε) = X0(x) + εX1(x , ε), x ∈ Rn

as x(t, ε) = x0(t) + εx1(t) + ε2x2(t) + . . . , where x0 is some known solution
of the unperturbed system ẋ0 = X0(x0).

This is what perturbative methods do: use information about the
unperturbed system ẋ = X0(x) to obtain the information you want for the
perturbed one if the parameter ε is small enough
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splitting of separatrices

Splitting of separatrices.

Consider a family of systems:

ẋ = X (x , ε) = X0(x)+εX1(x , ε), x ∈ Rn

Assume that:

X0(x) has a hyperbolic
critical point at 0 of
saddle type.

(A branch of) The stable
and unstable manifolds of
this point coincide along a
homoclinic manifold:
x0(r).
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splitting of separatrices

The question is: What does it happen to these manifolds when ε 6= 0?

For general perturbations, the manifolds do not coincide anymore, they split.

Poincaré established a method that characterizes, in some cases, the
existence or not of this splitting and that gives a measure of the ”distance”
between the manifolds in some cases: the Poincaré or Melnikov method.

Idea:
Using classical perturbation theory, we can look for parameterizations of the
manifolds:

xu(r , ε), x s(r , ε)

And we will obtain, for α = s, u:

xα(r , ε) = x0(r) + εxα1 (r) + ε2xα2 (r) + · · · = x0(r) + εxα1 (r) + O(ε2)

Then the distance between the invariant manifolds is given, up to first order
in ε by xu

1 (r)− x s
1 (r), that is:

xu(r , ε)− x s(r , ε) = ε(xu
1 (r)− x s

1 (r)) + O(ε2)
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splitting of separatrices

Exponentially small phenomena: Splitting of separatrices.

Poincaré (Melnikov) method provides a formula for xu
1 (r)− x s

1(r) that
does not need to compute xu

1 (r), x s
1(r) themselves.

xu
1 (r)− x s

1(r) = M(r)

and the Melnikov function M(r) is an integral that just depends on the
unperturbed homoclinic orbit x0(t) and of the perturbed vector field
X1(x , 0).
Concluding:

xu(r , ε)− x s(r , ε) = εM(r) + O(ε2)
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Exponentially small splitting of separatrices

Exponentially small phenomena: Splitting of separatrices.

xα(r , ε) = x0(r) + εxα1 (r) + ε2xα2 (r) + · · ·

In some cases one has that:

xu
i (r) = x s

i (r), ∀i ∈ N

This can happen by two reasons:

1 Both invariant manifolds coincide also in the perturbed case (the series is
convergent, integrable perturbed System)

2 Both manifolds do not coincide (the series is divergent) but their difference
is a ”beyond all orders” phenomenum.

3 If the vector fields are analytic we will see that it is exponentially small in
the perturbative parameter.
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Exponentially small splitting of separatrices

Exponentially small phenomena: Splitting of separatrices.

This is reflected in the Melnikov function that, in the second case, is given
by an oscillatory integral that turns to be exponentially small.
In this cases the Melnikov Method, does not apply because it gives

xu(r , ε)− x s(r , ε) = εM(r ; ε) + O(ε2) = Ke−c/ε + O(ε2)

In this course we will see examples where this phenomenon happens

In some cases the prediction of the Melnikov function is still true.

In other cases and we will show an alternative method to compute the
difference between the manifolds.

Always for analytic vector fields.

We will show that what decides in which case we are is the size of the
perturbation in some complex domains.
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Exponentially small splitting of separatrices

Some examples of exponentially small splitting

We want to give some examples of the problem known as exponentially
small splitting of separatrices :

The problem of existence of oscillatory motions in the restricted
circular three body problem

The breakdown of some heteroclinic orbits in the Hopf-zero
singularity.

Hamiltonian systems of one and a half degrees of freedom close to
integrable: the paradigmatic example is the classical pendulum rapidly
forced.
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Oscillatory orbits in the RPC3BP

The three body problem

The three-body problem describes the motion of three bodies q1, q2 and q3, of masses m1, m2,
and m3 moving in the space only under the influence of their mutual gravitational force.
Applying Newton’s law, we obtain:

m1
d2q1

dt2
= G

m1 m2(q2 − q1)

||q2 − q1||3
+ G

m1 m3(q3 − q1)

||q3 − q1||3

m2
d2q2

dt2
= G

m2 m1(q1 − q2)

||q1 − q2||3
+ G

m2 m3(q3 − q2)

||q3 − q2||3

m3
d2q3

dt2
= G

m3 m1(q1 − q3)

||q1 − q3||3
+ G

m3 m2(q2 − q3)

||q2 − q3||3

where G is the gravitational constant.

9 second order differential equations which become a system of 18 first order differential
equations!

Even if it has lots of first integrals (constants of motion which allow to simplify and
reduce the order of the system) that’s not enough to integrate and ”predict” the motion
of the three bodies!
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Oscillatory orbits in the RPC3BP

The restricted three body problem

Simplification: Assume the mass of one body is infinitesimal compared with the other two,
m3 = 0 in the equations:

d2q1

dt2
= G

m2(q2 − q1)

||q2 − q1||3

d2q2

dt2
= G

m1(q1 − q2)

||q1 − q2||3

d2q3

dt2
= G

m1(q1 − q3)

||q1 − q3||3
+ G

m2(q2 − q3)

||q2 − q3||3

The motion of q1, q2 is not affected by q3! They form a two body problem.

The two body problem is integrable: it satisfies Kepler laws.

q1, q2 are called the primaries and can move in ellipses, hyperbolas or parabolas.

We will put the solutions q1(t), q2(t) in the equations of q3 and study the motion of q3:

d2q3

dt2
= G

m1(q1(t)− q3)

||q1(t)− q3||3
+ G

m2(q2(t)− q3)

||q2(t)− q3||3

This is the restricted three body problem

Assuming that the motion of q3 occurs in the plane of rotation of the other two bodies,
then the problem is known as the restricted planar three-body problem (RTBP)
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Oscillatory orbits in the RPC3BP

The restricted planar circular three body problem (RP3BP)

We will assume the two primaries q1(t), q2(t) move on circles (circular case)

Usually one works with the mass ratio µ = m2

m1+m2
, m1 ≥ m2, and one

considers he masses of the primaries 1− µ, µ (0 ≤ µ ≤ 1/2) and 0.

Goal: understand the motion of the massless body q = q3 under the
influence of the other two.

The circular case is a particular case of the elliptic one, where the primaries
move in elliptic orbits.

Typical models in the elliptic case with eccentricity e:

Sun–Jupiter–asteroid or comet: e = 0.048
Sun–Earth–Moon systems: e = 0.016
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Oscillatory orbits in the RPC3BP

The equations of the RPC3BP

The motion of the massless particle q = (q1, q2) ∈ R2 is governed by:

d2q

dt2
=

(1− µ)(q1(t)− q)

||q1(t)− q||3
+
µ(q2(t)− q)

||q2(t)− q||3
,

where q1(t), q2(t) are the known position of the primaries, which move in a
circular orbit.
q1(t) = −µ(cos t, sin t), q2(t) = (1− µ)(cos t, sin t).

Calling p = (p1, p2) = dq
dt one obtain a system of 4 non-autonomous

differential equations:

dq

dt
= p

dp

dt
=

(1− µ)(q1(t)− q)

||q1(t)− q||3
+
µ(q2(t)− q)

||q2(t)− q||3
,

Tere M-Seara (UPC) 22-29 July 2019 17 / 83



Oscillatory orbits in the RPC3BP

The equations of the RPC3BP

This system can be written:

dq

dt
=
∂H
∂p

(q, p, t;µ)

dp

dt
= −∂H

∂q
(q, p, t;µ)

q = (q1, q2), p = (p1, p2) = dq
dt .

This is a 2π-periodic in time Hamiltonian system (2 and 1/2 degrees of freedom)
with Hamiltonian H.
Parameter: The mass ratio µ ∈ [0, 1/2].

H(q, p, t;µ) =
(p1)2 + (p2)2

2
− (1− µ)√

(q1 + µ cos t)2 + (q2 + µ sin t)2

− µ√
(q1 − (1− µ) cos t)2 + (q2− (1− µ) sin t)2

.

To understand the behavior of the body q = (q1, q2), we have to deal with 4

non-linear, non-autonomous differential equations!
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Oscillatory orbits in the RPC3BP

Oscillatory motions in the RCP3BP

Chazy (1922) gave a classification of all possible states that a three body
problem can approach as time tends to infinity.
For the restricted three body problem (either planar or spatial, circular or
elliptic) the possible final states are reduced to four:

H± (hyperbolic): ‖q(t)‖ → ∞ and ‖q̇(t)‖ → c > 0 as t → ±∞.

P± (parabolic): ‖q(t)‖ → ∞ and ‖q̇(t)‖ → 0 as t → ±∞.

B± (bounded): lim supt→±∞ ‖q‖ < +∞.

OS± (oscillatory): lim supt→±∞ ‖q‖ = +∞ and
lim inft→±∞ ‖q‖ < +∞.

Examples of all types of motion except oscillatory were already known by
Chazy.
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Oscillatory orbits in the RPC3BP

Limiting case µ→ 0

For µ = 0, H(q, p, t; 0) =
(p1)2 + (p2)2

2
− 1√

(q1)2 + (q2)2
.

The massless body q is only influenced by one body q1 (q2 has also
zero mass!), which has mass 1 and is situated at the origin.

Its motion is governed by Kepler laws (the central force problem).

Then,

H± (hyperbolic): motion on hyperbolas.
P± (parabolic): motion on parabolas.
B± (bounded): motion on ellipses.

Oscillatory motions cannot exist if µ = 0.
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Oscillatory orbits in the RPC3BP

Oscillatory motions in the RCP3BP

Result: Oscillatory motions exist for any value of the mass ratio
0 < µ ≤ 1/2 in the circular case:

Theorem (Guardia, Mart́ın, S)

Fix any µ ∈ (0, 1/2]. Then, there exist orbits (q(t), p(t)) of RCP3BP
(circular restricted planar 3BP) which are oscillatory. Namely, they satisfy

lim sup
t→±∞

‖q‖ = +∞ and lim inf
t→±∞

‖q‖ < +∞.
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Oscillatory orbits in the RPC3BP

Existence of oscillatory motions

Oscillatory motions were first proved
by

Sitnikov (1960) considered the
restricted spatial elliptic three
body problem.

More concretely,

The primaries have mass
µ = 1/2 and move on ellipses
of small enough eccentricity:
0 < e << 1.
The massless moves on the
(invariant) vertical axis.

For these parameters, he proved
existence of oscillatory motions.
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Oscillatory orbits in the RPC3BP

Oscillatory motions for the RPC3BP

Moser (1973) and Alexeev gave a new proof of Sitnikov results.

His proof uses tools of dynamical systems: Invariant manifolds and their
intersections, the existence of deterministic chaos....

For the restricted circular planar three body problem, Llibre and Simó, 1980
gave the fisrt partial result of the existence of oscillatory motions.

Theorem (Llibre-Simó)

Fix µ small enough. Then, there exists an orbit (q(t), p(t)) of RCP3BP which is
oscillatory.

The proof is based on the existence of some stable/unstable manifolds which
intersect transversally.

This gives some symbolic dynamics close to these invariant manifolds and
the existence of oscillatory motions.

Main difficulty: prove the transversality of the invariant manifolds for µ 6= 0.
Llibre-Simó use that µ is very small to aply perturbation theory
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Oscillatory orbits in the RPC3BP

RPC3BP in rotating polar coordinates

We do several classical changes of variables to simplify the Hamiltonian:

Fix the primaries at the x axis (periodic in time change of variables):

q1 = (µ, 0), q2 = (1− µ, 0).

in these variables the Hamiltonian becomes autonomous.

Polar coordinates for the third body: q = (r cosφ, r sinφ).

y simplectic conjugate to r (radial velocity).
G symplectic conjugate to φ (angular momentum).

Hamiltonian:

H(r , φ, y ,G ;µ) =
y 2

2
+

G 2

2r 2
− G − U(r , φ;µ),

U(r , φ;µ) is the Newtonian potential, which satisfies U(r , φ;µ) ∼ 1
r .

The system has two degrees of freedom: is an autonomous hamiltonian.

The Hamiltonian is a first integral of the system: Conservation of energy.

Tere M-Seara (UPC) 22-29 July 2019 24 / 83



Oscillatory orbits in the RPC3BP

Infinity

Hamiltonian equations

ṙ =
∂H

∂y
(r , φ, y ,G ;µ) = y

ẏ = −∂H

∂x
(r , φ, y ,G ;µ) =

G 2

r 3
+ ∂r U(r , φ;µ)

φ̇ =
∂H

∂G
(r , φ, y ,G ;µ) = −1 +

G

r 2

Ġ = −∂H

∂φ
(r , φ, y ,G ;µ) = ∂φU(r , φ;µ)

Recall U(r , φ;µ) ∼ 1
r

For any value of φ0, G0, the “infinity”:

(r , y , φ,G ) = (∞, 0, φ0 − t,G0), t ∈ T
is a periodic solution.

At infinity, energy coincides with angular momentum:
H(0, φ, 0,G ;µ) = −G0.
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Oscillatory orbits in the RPC3BP

The two body problem: µ→ 0

When µ = 0:

The massless body q is only influenced by the primary q1 = (0, 0).

Hamiltonian (in rotating polar coordinates)

H(r , φ, y ,G , s; 0) =
y 2

2
+

G 2

2r 2
− G − 1

r
,

Hamiltonian equations

ṙ = y

ẏ =
G 2

r 3
− 1

r 2

φ̇ = −1 +
G

r 2

Ġ = 0

H and G are first integrals.
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Oscillatory orbits in the RPC3BP

The two body problem: µ = 0 in McGehee coordinates

x2 := 1/r (McGehee): Gives a better geometrical understanding of the problem

ẋ =− x3

2

∂K0

∂y

ẏ =
x3

2

∂K0

∂x



φ̇ =

∂K0

∂G
− 1 = Gx4 − 1

Ġ =0 = −∂K0

∂φ

G is a first integral

For any value of G0, (x , y) form a Hamiltonian system of one degree of
freedom of Hamiltonian

K0(x , y ,G0) = H0( 1
x2 , y ,G0) =

y 2

2
+

G 2
0 x4

2
− G0 − x2, is a first integral.

Homoclinic manifold: For any fixed G0, in the (x , y) plane, the origin is a
(parabolic) critical point which has stable and unstable manifolds which
coincide at the separatrix loop γG0 = {K0(x , y ,G0) = −G0}.
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Oscillatory orbits in the RPC3BP

The two body problem: µ = 0 in McGehee coordinates

G = G0, φ̇ = −1 + G0x4 and:
In the (x , y) plane, the origin is now is a parabolic critical point
K0(x , y ,G0) = G0 is a homoclinic manifold to the origin.
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Oscillatory orbits in the RPC3BP

The Poincaré map in McGehee coordinates

Fixing K0 = G0, as φ̇ = −1 + G0x4, when can use the Poincaré map:

P : {φ} → {φ+ 2π}

The origin is now is a parabolic fixed point K0(x , y ,G0) = G0 is a
homoclinic manifold to the origin.
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Oscillatory orbits in the RPC3BP

Transversality of the invariant manifolds of infinity in
Llibre-Simó

For µ = 0 we have a critical point
which invariant manifolds coincide
(parabolic orbits).

For 0 < µ� 1, expand in µ and
compute the first order of the
difference between the manifolds in
terms of an integral (classical
perturbative method known as
Poincaré-Melnikov Theory) and an
error of order O(µ2).

We know only how to compute the Melnikov integral provided
G0 � 1 and its size is O(e−G 3

0 /3).

Llibre-Simó (Moser) method requires µ < e−G 3
0 /3.
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Oscillatory orbits in the RPC3BP

Oscillatory motions: chaotic motions

• The oscillatory motions for µ 6= 0 will be a consequence of the chaotic
dynamics created by the transversal intersection of the stable and the unstable
manifolds of the fix point (0, 0)!
Once we have a transversal intersection between the stable and unstable
manifolds one can see the existence of a horseshoe for a suitable iteration of the
Poincaré map:
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Oscillatory orbits in the RPC3BP

Oscillatory motions: chaotic motions

Once we have the horseshoe map, one can apply classical results in
Dynamical systems which provide the existence of simbolic dynamics.

IN particular we have periodic orbits af all the periods and also orbits which
are dense in some invariant subset

These orbits are the oscillatory ones: they pass very close to the origin (the
infinity) once and again but they go back near the homoclinic point finite
part of the space.
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Oscillatory orbits in the RPC3BP

Improving the previous results

All the works proving oscillatory motions need to prove the transversality of
the manifolds of infinity using some small parameter:

In the Sitnikov problem the excentricty e has to bee small enough.
Llibre-Simó are only able to prove the transversality provided G0 � 1
and 0 < µ ≤ e−G 3

0 /3.

We prove the transversality for any µ ∈ (0, 1/2] and G0 � 1.

Therefore we obtain oscillatory motions in the non-perturbative case.

Theorem:
Consider the invariant manifolds of infinity of the Poincaré map Pφ0 . Then, there
exists G∗0 > 0 such that for any G0 > G∗0 and µ ∈ (0, 1/2], the stable and
unstable manifolds of the fix point (periodic orbit) (0, 0,G0) intersect transversaly
in an homoclinic point.

We are able to prove this result because we have an asymptotic formula for
the distance between the invariant manifolds if G0 is big enough!

This distance will be exponentially small respect our small parameter 1
G0

,
therefore it cannot be obtained with classical perturbation methods!
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Oscillatory orbits in the RPC3BP

The difference between the manifolds in the Poincaré
section

Theorem

Consider the invariant manifolds of infinity of the Poincaré map Pφ0 . Then, there
exists G∗0 > 0 such that for any G0 > G∗0 and µ ∈ (0, 1/2], in a suitable section
the distance d between these curves along this section is given by

d(φ0) =Cµ(1− µ)
√
π

[
1− 2µ

2
√

2
G

3/2
0 e−

G3
0
3 sin (f (φ0))

+ 8G
7/2
0 e−

2G3
0

3 sin (2f (φ0))

+O
(

(1− 2µ)G0e−
G3

0
3 + G 3

0 e−
2G3

0
3

)]
,

where C > 0 and f (φ) are an explicit constant and an explicit function.
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Oscillatory orbits in the RPC3BP

The two body problem as the singular limit for G0 →∞

Why can we proof results for any µ?
We restrict ourselves to H = −G0 and study the manifolds of the fix point (0, 0)
The existence of exponentially small phenomena usually arise when

The system possesses two different time scales.

The system has combined fast elliptic behavior and hyperbolic (or parabolic)
behavior.

In H = −G0 we perform the following changes of variables

r = G 2
0 r̃ , y = G−1

0 ỹ , φ = φ̃ and G = G0G̃

and we rescale time as t = G 3
0 s.

Tere M-Seara (UPC) 22-29 July 2019 35 / 83



Oscillatory orbits in the RPC3BP

The two body problem as the singular limit for G0 →∞

We obtain similar equations:

d

ds
r̃ = ỹ

d

ds
ỹ =

G̃ 2

r̃3
+ ∂r̃ Ṽ (r̃ , φ;µ,G0)

d

ds
φ = −G 3

0 +
G̃

r̃2

d

ds
G̃ = ∂αṼ (r̃ , φ;µ,G0).

Now the two time scales become clear.
Indeed, now we have that ˙̃y ∼ ˙̃r ∼ 1, which are the variables that will define the separatrix,
whereas
• φ̇ ∼ G 3

0 , the angle moves fast in time.
Moreover
• Ṽ = 1

r̃
+ O(G−2

0 ), therefore for G0 =∞ we obtain again the two body problem! For
G0 � 1, we are dealing with a fast oscillating small perturbation of the two body problem.
The two body problem is at the same time the regular (when µ→ 0) and singular (when
G0 →∞) limit of our system.
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The Hopf-zero singularity

The Hopf-zero singularity

The Hopf-zero (or central) singularity consists on a vector field
X ∗ : R3 → R3 such that:

X ∗(0, 0, 0) = 0

DX ∗(0, 0, 0) has eigenvalues ±iα∗, 0.

After a linear change of variables one can assume that:

DX ∗(0, 0, 0) =

 0 −α∗ 0
α∗ 0 0
0 0 0


As it is well known we say that (0, 0, 0) is a bifurcation point for X ∗

or that X ∗ is a singularity.
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The Hopf-zero singularity

The Hopf-zero singularity: unfoldings

We want to study the qualitative behavior of vector fields “close” to X ∗ near the
origin (0, 0, 0).
Classical bifurcation theory studies vector fields Xξ depending on parameters
ξ ∈ Rk such that X0 = X ∗.
Xξ are called unfoldings of the singularity X ∗

General case: The bifurcation has codimension two in the appropiate space
of vector fields. Therefore, to describe vector fields near X ∗ we consider
families of two parameters (which we will call µ and ν).

Conservative case: Since trDX ∗(0, 0, 0) = 0, it has sense to consider
conservative unfoldings. In this case the singularity X ∗ has codimension one
and we just need one parameter (just µ).

We call X consevartive if it has zero divergence: trDX (x , y , z) = 0.

In this course we will consider the conservative setting. The general case is
also solved in the references given. we will study a family of conservative
vector fields Xµ such that X0 = X ∗.
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The Hopf-zero singularity

The normal form

We will perform analytic of variables to Xµ, to write the vector field
in the simplest possible form, called Normal form, up to some order
(some degree in its Taylor expansion respect to variables and
parameters).

Then, one studies the effects of the non symmetric (higher order)
terms in the dynamics.
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The Hopf-zero singularity

The second order normal form in the general case

If we do it up to order two we obtain: Xµ = X 2
µ,ν + F 2

µ,ν

dx̄

dt̄
= x̄ (β0ν − β1z̄) + ȳ (α∗ + α1ν + α2µ+ α3z̄) +O3(x̄ , ȳ , z̄, µ, ν)

dȳ

dt̄
= −x̄ (α∗ + α1ν + α2µ+ α3z̄) + ȳ (β0ν − β1z̄) +O3(x̄ , ȳ , z̄, µ, ν)

dz̄

dt̄
= −γ0µ+ γ1z̄2 + γ2(x̄2 + ȳ2) + γ3µ

2 + γ4ν
2 + γ5µν +O3(x̄ , ȳ , z̄, µ, ν)

F 2
µ,ν = O3(x̄ , ȳ , z̄, µ, ν).

• Important parameters:

β1, γ1, γ2.
Which give the quadratic terms of X ∗ (remeber that (0, 0, 0) is not
hyperbolic and, consequently the linear terms
DX ∗(0, 0, 0)(x , y , z)> = (α∗ȳ ,−α∗x̄ , 0)> are degenerate!)

β0, γ0.
Give the “new” linear part of the unfolded vector field Xµ,ν that was not
present in the singularity X ∗.
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The Hopf-zero singularity

The second order normal form

Xµ,ν = X 2
µ,ν + F 2

µ,ν

dx̄

dt̄
= x̄ (β0ν − β1z̄) + ȳ (α∗ + α1ν + α2µ+ α3z̄) +O3(x̄ , ȳ , z̄, µ, ν)

dȳ

dt̄
= −x̄ (α∗ + α1ν + α2µ+ α3z̄) + ȳ (β0ν − β1z̄) +O3(x̄ , ȳ , z̄, µ, ν)

dz̄

dt̄
= −γ0µ+ γ1z̄2 + γ2(x̄2 + ȳ2) + γ3µ

2 + γ4ν
2 + γ5µν +O3(x̄ , ȳ , z̄, µ, ν)

F 2
µ,ν = O3(x̄ , ȳ , z̄, µ, ν).

Conditions of genericity:

β1 6= 0, γ1 6= 0, and γ2 6= 0 (depend exclusively on the chosen singularity
X ∗), characterize a stratum of codimension two (dimension one in the
conservative case) in the space of germs of singularities of vector fields on
R3.

β0 6= 0 and γ0 6= 0 to have generic unfoldings.
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The Hopf-zero singularity

The second order normal form

dx̄

dt̄
= x̄ (β0ν − β1z̄) + ȳ (α∗ + α1ν + α2µ+ α3z̄) +O3(x̄ , ȳ , z̄, µ, ν)

dȳ

dt̄
= −x̄ (α∗ + α1ν + α2µ+ α3z̄) + ȳ (β0ν − β1z̄) +O3(x̄ , ȳ , z̄, µ, ν)

dz̄

dt̄
= −γ0µ+ γ1z̄2 + γ2(x̄2 + ȳ2) + γ3µ

2 + γ4ν
2 + γ5µν +O3(x̄ , ȳ , z̄, µ, ν)

Simplifications:

Changing time we can obtain: α∗ = 1, α1 = α2 = α3 = 0

z̄ → γ1z̄ , allows us to assume that γ1 = 1.

Redefining the parameters, one can assume β0 = γ0 = 1 and
γ3 = γ4 = γ5 = 0.

Calling a = β1, b = γ2
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The Hopf-zero singularity

The second order normal form

dx̄

dt̄
= x̄ (β0ν − β1z̄) + ȳ (α∗ + α1ν + α2µ+ α3z̄) +O3(x̄ , ȳ , z̄, µ, ν)

dȳ

dt̄
= −x̄ (α∗ + α1ν + α2µ+ α3z̄) + ȳ (β0ν − β1z̄) +O3(x̄ , ȳ , z̄, µ, ν)

dz̄

dt̄
= −γ0µ+ γ1z̄2 + γ2(x̄2 + ȳ2) + γ3µ

2 + γ4ν
2 + γ5µν +O3(x̄ , ȳ , z̄, µ, ν)

Becomes

dx̄

dt̄
= x̄ (ν − az̄) + ȳ +O3(x̄ , ȳ , z̄, µ, ν)

dȳ

dt̄
= −x̄ + ȳ (ν − az̄) +O3(x̄ , ȳ , z̄, µ, ν)

dz̄

dt̄
= −µ+ z̄2 + b(x̄2 + ȳ2) +O3(x̄ , ȳ , z̄, µ, ν)

trDXµ,ν(x̄ , ȳ , z̄) = 2(ν − az̄) + 2z̄ +O2(x , y , z).

Conservative case: ν = 0 and a = 1, and imposing that the higher order terms are
divergence-free.
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The Hopf-zero singularity

The second order normal form of X ∗

dx̄

dt̄
= −ax̄ z̄ + ȳ

dȳ

dt̄
= −x̄ − aȳ z̄

dz̄

dt̄
= z̄2 + b(x̄2 + ȳ2)+



dr

dt̄
= −ar z̄

dθ

dt̄
= 1+

dz̄

dt̄
= z̄2 + br2+


x̄ = r cos θ, ȳ = r sin θ

Takens in: Singularities of vector fields, Publications Mathématiques de l’IHES
43 (1974), no. 1, p. 47. proved that there are six topological types of singularities
of codimension two depending of the choice of the parameters a 6= 0 and b 6= 0.
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The Hopf-zero singularity

The generic unforldings X ∗

Generic unfoldings Xµ,ν of of the six topological types Hopf singularities as well as
their bifurcation diagrams using of suitable truncated normal have been studied:

Guckenheimer: On a codimension two bifurcation, Dynamical Systems and
Turbulence, Warwick 1980.

Gavrilov: On some bifurcations of equilibria with a zero and a pair of purely
imaginary roots (1978), Methods of the qualitative theory of differential
equations (Bifurcations of an equilibrium state with one zero root and a pair
of purely imaginary roots and additional degeneration), 1987

J. Guckenheimer and P. Holmes: Nonlinear oscillations, dynamical systems,
and bifurcations of vector fields, 1990.

Kuznetsov, Y. A.: Elements of applied bifurcation theory,Applied
Mathematical Sciences, 1998.

The only one that it is not completely understood is the case: a > 0, b > 0, the

conservative case a = 1 with b > 0 is in this case.

Tere M-Seara (UPC) 22-29 July 2019 45 / 83



The Hopf-zero singularity

The second order normal form of the unfolding:
a = 1, b > 0, ν = 0.

The second order normal form
dx̄

dt̄
= −x̄ z̄ + ȳ

dȳ

dt̄
= −x̄ − ȳ z̄

d z̄

d t̄
= −µ+ z̄2 + b(x̄2 + ȳ2)

Use cilindrical coordinates :
x̄ = r cos θ, ȳ = r sin θ, z̄ = z

to get:

dr

dt̄
= −rz

dθ

dt̄
= 1

dz

dt̄
= −µ+ z2 + br2
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The Hopf-zero singularity

Bifurcation diagram of the second order normal form:
b > 0.

dr
dt̄ = −rz dθ

dt̄ = 1 dz
dt̄ = −µ+ z2 + br 2

As the θ equation decouples from the others, we can study the (r , z) system and

then add rotations to understand the system in R3

If µ < 0 the system has no equilibrium points and the dynamics is known.

At µ = 0 the system has an equilibrium at the origin which bifurcates (is a
saddle-node like bifurcation),

for µ > 0, the system has two equilibrium points S2
± = (0, 0,±√µ).

For µ > 0, the linearization DX 2
µ(0, 0,±√µ) has eigenvalues:

λ±1 = ∓√µ+ i, λ±2 = λ±1 , λ±3 = ±2√µ.

S2
+ and S2

− are saddle-focus.

S2
+ has a 1- dimensional unstable manifold and a 2-dimensional stable one.

S2
− has a 2- dimensional unstable manifold and a 1-dimensional stable one.
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The Hopf-zero singularity

Dynamics of the second order normal form

Remember: r ′ = −rz , z ′ = −µ+ z2 + br 2

The system has a first integral

H(r , z) = r 2

(
−µ+ z2 +

b

2
r 2

)
.

d
dt H(r(t), z(t)) = ∂H

∂r r ′ + ∂H
∂z z ′ = 0,

As H(r(t), z(t)) = H(r(0), z(0)), in particular:

H(W s(S2
+)) = H(W u(S2

+)) = H(S2
+) = 0

= H(S2
−) = H(W s(S2

−)) = H(W u(S2
−))
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The Hopf-zero singularity

Dynamics of the second order normal form

Remember: H(r , z) = r 2
(
−µ+ z2 + b

2 r 2
)

is a first integral.

The segment between S2
± on the z-axis:

W u(S2
+) = W s(S2

−) := W1 = {x = y = 0, −√µ ≤ z ≤ √µ}

is a heteroclinic connection between a branch of the unstable manifold of
S2

+ and a branch of the stable manifold of S2
−.

the two-dimensional stable manifold of S2
+ also coincides with the

two-dimensional unstable manifold of S2
−, giving rise to a two-dimensional

heteroclinic surface:

W s(S2
+) = W u(S2

−) := W2 =

{
z2 +

b

2
r 2 = µ

}
.
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The Hopf-zero singularity

Dynamics of the second order normal form

phase portrait of the second order normal form for conservative unfoldings

We expect that the terms of order three break the connections and there will be

the possibility of having homoclinic orbits to one of the points!!
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The Hopf-zero singularity

The Shilnikov Bifurcation

The Shilnikov Bifurcation takes place when a saddle-focus critical point exists and
its stable and unstable manifolds intersect, giving rise to a homoclinic connection.

Consider a vector field:
X : R3 → R3

such that X (P) = 0. We say that a Shilnikov Bifurcation occurs if:

DX (P) has eigenvalues −ρ± iω and λ.

λ > ρ > 0, ω 6= 0.

There exists a homoclinic orbit
γ ∈W s(P) ∩W u(P).
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The Hopf-zero singularity

The Shilnikov Bifurcation: a source of chaos

Shilnikov, 1965 proved that there are countably many periodic orbits in a
neighborhood of γ:
Shilnikov, L.P.: A case of the existence of a denumerable set of periodic
motions, Dokl. Akad. Nauk SSSR, 1965.

Very complex dynamics arise from this bifurcation.
C. Tresser: About some theorems by L. P. Sil’nikov, Ann. Inst. H. Poincaré
Phys. Théor., 1984

Is possible the occurrence of such bifurcation in generic unfoldings of the
Hopf-zero singularity?.

In order to proof that the homoclinc orbit exists, one has to check:

The one-dimensional heteroclinic connection disappears

The two-dimensional stable and unstable manifolds do not coincide
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The Hopf-zero singularity

Remember te second order normal form

dx̄

dt̄
= −x̄ z̄ + ȳ +O3(x̄ , ȳ , z̄, µ)

dȳ

dt̄
= −x̄ − ȳ z̄ +O3(x̄ , ȳ , z̄, µ)

dz̄

dt̄
= −µ+ z̄2 + b(x̄2 + ȳ2) +O3(x̄ , ȳ , z̄, µ)

As everything happens in a neighborhood of (0, 0, 0) of size O(
√
µ), the terms of

order three are at least O(µ3/2).
One expects to use perturbation theory to prove that these terms destroy the
heteroclinic connections and create homoclinic ones!!.
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The Hopf-zero singularity

The normal form of order n and the whole vector field

Fix n ∈ N.

There exists an analytic change of coordinates after which Xµ = X n
µ + F n

µ .

X n
µ is a polynomial of degree n of the form (when written in cilindrical

coordinates):

θ̇ = fn(r 2, z , µ)

ṙ = rgn(r 2, z , µ)

ż = hn(r 2, z , µ)

where r 2 = x2 + y 2, and f (0, 0, 0) = α∗,
g(0, 0, 0) = h(0, 0, 0) = ∂z h(0, 0, 0) = 0.

F n
µ(x , y , z) = On+1(x , y , z , µ).

Tere M-Seara (UPC) 22-29 July 2019 54 / 83



The Hopf-zero singularity

The normal form of order n and the whole vector field

With the same simplifications that we did for the second order normal form we
obtain for X n

µ :

dr

dt̄
= r

(
−z + O2(r 2, z , µ)

)
dθ

dt̄
= 1

dz

dt̄
= −µ+ z2 + br 2 + O3(r 2, z , µ)

One can study the normal form in a similar way as we did when n = 2.

It has two saddle-focus critical points Sn
±(µ, ν) = (0, 0, z±(µ)), with

z±(µ) = ±√µ+O(µ).

The segment between Sn
±(µ) on the z-axis

W1 = {x = y = 0, z−(µ) ≤ z ≤ z+(µ)}

is a heteroclinic connection.

The heteroclinic surface exists for any value of the parameter µ.
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The Hopf-zero singularity

Phase portrait of the normal form of any order.
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The Hopf-zero singularity

Problem: the dynamics of X n
µ is exactly the same as the normal form

up toorder two!!

F n
µ (x , y , z) = On+1(x , y , z , µ) = O(µ

n+1
2 )

This is a phenomenon beyond all orders.

Classical perturbation theory using µ as small parameter can not be used
to study if the heteroclinic manifolds split.
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The Hopf-zero singularity

Previous results: C∞ unfoldings

Broer-Vegter: Subordinate Šil’nikov bifurcations near some singularities of vector
fields having low codimension, Ergodic Theory and Dynamical Systems, 1984.

They show that the normal form procedure can be done up to “infinite
order”. After a C∞ change of variables (Borel-Ritt theorem):

Xµ = X∞µ + F∞µ ,

where X∞µ has an analogous form as X n
µ and F∞µ is flat.

Main result: There exist flat perturbations pµ such that:

X̃µ = X∞µ + pµ

has Shilnikov bifurcations at µ = µn, n ∈ N, with µn → 0.

Their result can not be applied to analytic unfoldings
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The Hopf-zero singularity

Qualitative result (Baldomá-Castejón-Ibañez-S)

Theorem
Let X ∗ be a generic Hopf zero singularity satisfying the open conditions:

b > 0

In the volume preserving case, any divergence free generic unfolding
Xµ has the following properties:

1 For µ small enough, the vector field Xµ has, at least, two heteroclinic
orbits, formed by the intersection between the two-dimensional
invariant manifolds of the equilibrium points.

2 There exists a sequence of parameter values {µn} with µn → 0 as
n→∞ such that the vector fields Xµn have a Shilnikov homoclinic
orbit.
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Splitting of invariant manifolds Setting

Study of the splitting of the heteroclinic connections

If we deal with analytic unfoldings, it is sufficient to study the normal
form of order two.

We define δ =
√
µ.

After some rescaling, x̄ =
√
µx , ȳ =

√
µy , z̄ =

√
µz and scaling also time

one gets:
dx

dt
= −xz +

1

δ
y + δ−2f (δx , δy , δz, δ),

dy

dt
= −

1

δ
x − yz + δ−2g(δx , δy , δz, δ),

dz

dt
= −1 + b(x2 + y2) + z2 + δ−2h(δx , δy , δz, δ),

where f , g , h = O3(δx , δy , δz , δ), δ > 0, b > 0.

Now f = g = h = 0 gives the dynamics of the second order normal form but the

“size” of the points, the connections etc of O(1) and the “perturbation” is of

order δ.
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Splitting of invariant manifolds Setting

Study of the splitting of the heteroclinic connections

dx

dt
= −xz +

1

δ
y + δ−2f (δx , δy , δz, δ),

dy

dt
= −

1

δ
x − yz + δ−2g(δx , δy , δz, δ),

dz

dt
= −1 + b(x2 + y2) + z2 + δ−2h(δx , δy , δz, δ),

is equivalent to:

dx

dt
= −δxz + y + δ−1f (δx , δy , δz, δ),

dy

dt
= −x − δyz + δ−1g(δx , δy , δz, δ),

dz

dt
= δ(−1 + b(x2 + y2) + z2) + δ−1h(δx , δy , δz, δ),

The system is singular in δ!

We need to use singular perturbation theory to study the problem.
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Splitting of invariant manifolds Setting

The first result we use is the following lemma, which assures the existence
of saddle-focus equilibrium points:
Lemma
Consider system Xδ with b > 0.
Then, there exists δ0 > 0 such that, for 0 < δ < δ0, the vector field has
two equilibrium points S± (depending on δ) of saddle-focus type such that

S+ has a one-dimensional unstable (stable) manifold and a
two-dimensional stable one.

S− has a one-dimensional stable manifold and a two-dimensional
unstable one.
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Splitting of invariant manifolds Setting

Write the previous system as: ẋ
ẏ
ż

 = X 2
δ (x , y , z) + δ−2F (x , y , z , δ).

We add an artificial parameter ε: ẋ
ẏ
ż

 = X 2
δ (x , y , z) + εδ−2F (x , y , z , δ).

and apply singular perturbation theory to our system to find the perturbed
manifolds and their distance.
More concretely we will see that the manifolds satisfy a suitable functional
equation (Lyapunov-Perron method) that we will solve
using a fix point argument using δ as small parameter.
The parameter ε will be used to give a “computable” formula of the distance
between the perturbed manifolds in some (non-generic) cases.

Regular case: ε small parameter (ε = δk for some k > 0 non-generic
unfoldings)

Singular case: ε = 1 (generic unfoldings)
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Splitting of invariant manifolds Splitting of the 1D heteroclinic connection
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Splitting of invariant manifolds Splitting of the 1D heteroclinic connection

Theorem
If δ is small enough, for all 0 ≤ ε ≤ 1, the distance between the
1-dimensional manifolds in the plane z = 0 is given asymptotically by:

∆1 = εC(ε)δ−2e−
π
2δ

(
1 +O

(
1

log(1/δ)

))
.

Remark

e−
π
2δ = O(δn), ∀n!!
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Splitting of invariant manifolds Splitting of the 1D heteroclinic connection

The constant C(ε): The regular case

C(0) is a good approximation of C(ε) in the regular case.

C(0) is determined by the Melnikov function:

M(t, δ) =


cosh t

∫ +∞

−∞

e
is
δ

cosh s
F1(φhet(s))ds

cosh t

∫ +∞

−∞

e−
is
δ

cosh s
F2(φhet(s))ds

 ,

where φhet = (0, 0,− tanh t) is the heteroclinic connection of the
second order normal form.

In fact one has: C(0) = 2πe
α3π

2 |m̂(i)|, where m̂ is the Borel transform
of the function

m(u) = u1+ic [f (0, 0,−u, 0, 0) + ig(0, 0,−u, 0, 0)] .
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Splitting of invariant manifolds Splitting of the 1D heteroclinic connection

The constant C(1): The singular case

For ε = 1 (singular case), one has that C(1) = C∗ is a constant
determined by the so-called inner equation, which is an equation
independent of the parameter δ.

In addition, the constant C∗ 6= 0 for generic singularities X ∗ and
depends on the full jet of X ∗.

We use this equation to obtain good approximations of the invariant
manifolds and its difference in suitable domains.

The inner equation is independent of the parameter δ, and in this
setting it is determined by vector field X0,0 = X ∗ (the initial one).

Unlike C(0), we do not have a closed formula for C∗. It can be
computed numerically (Dumortier-Ibáñez-Kokubu-Simó).
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Splitting of invariant manifolds Splitting of the 2D heteroclinic connection

Results: 2D manifolds
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Splitting of invariant manifolds Splitting of the 2D heteroclinic connection

Results: 2D manifolds

Theorem For 0 ≤ ε ≤ 1, the distance between the 2-dimensional invariant

manifolds on the plane z = 0 is given asymptotically by:

∆2(θ) = εδ−4e−
π
2δ (C1(ε) sin(θ − c log δ) + C2(ε) cos(θ − c log δ)

+O
(

e−
π
2δ

log(1/δ)

)]
.
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Splitting of invariant manifolds Splitting of the 2D heteroclinic connection

Ci (0) are good approximations of Ci (ε) in the regular case, and they
are determined by a suitable Melnikov function.

Again, they depend on the Borel transforms of some functions.

For ε = 1, one has that Ci (1) = C∗i are constants determined also by
the inner equation.

We do not have closed formulas for C∗i . They can be computed
numerically (Dumortier-Ibáñez-Kokubu-Simó).

The constant C∗1 + iC∗2 6= 0 for generic singularities X ∗ and depends
on the full jet of X ∗.
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Homoclinic orbits

Heteroclinic and homoclinic orbits

using these quantitative results about the splitting of the one and two
dimensional heteroclinic connexions one can prove the existence of
homoclinics!
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Near integrable Hamiltonian systems

Exponentially small splitting of separatrices for one and a
half degree of freedom near integrable Hamiltonian
Systems

We consider analytic nearly integrable Hamiltonian

h(I , x , τ) = h0(I ) + δh1(I , x , τ)

δ � 1 is a small parameter.

(x , τ) ∈ T2 and I ∈ U ⊂ R.

Equations of motion: 
ẋ = ∂I h0(I ) + δ∂I h1(I , x , τ)

İ = −δ∂x h1(I , x , τ)

τ̇ = 1
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Near integrable Hamiltonian systems

The unpertubed system: δ = 0

Equations of motion when δ = 0:
ẋ = ∂I h0(I )

İ = 0

τ̇ = 1

Solutions:
I = I0, x = x0 + ∂I h0(I0) t, τ = τ0 + t

I is an integral of motion: phase space foliated by 2-dimensional tori and the
dynamics in the tori is a rotation of frequency ω(I ) = (∂I h0(I ), 1).

KAM theory tells us that, when we perturb the system, most of these tori
persist. These tori are such that ∂I h0(I ) is far away from the rational
numbers
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Near integrable Hamiltonian systems

The perturbed system 0 < δ � 1

If ∂I h0(I ) ∈ Q we are in a resonance.

The unperturbed torus with frequency ω(I ) = (∂I h0(I ), 1) (tipically)
breaks down for δ > 0.

We want to study the new invariant objects that appear in the
resonances.

We study what happens close to the resonance ω = (0, 1)

Doing a change of variables, one can deduce similar results for any
other resonance.

It is convenient to make a rescaling to magnify the resonant zone
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Near integrable Hamiltonian systems

Close to a resonance

Assume, to simplify, that h0(I ) = I 2

2 , then h(I , x , τ) = I 2

2 + δh1(I , x , τ)‘.

The resonance ω = (0, 1) at I = 0.

The size of the resonant zone is of order O
(√

δ
)

.

To magnify it, we perform the change

I =
√
δy , τ = t/

√
δ

and we take ε =
√
δ.

Exercice: The new system is also Hamiltonian of Hamiltonian:

H
(

y , x ,
t

ε

)
=

y 2

2
+ h1

(
εy , x ,

t

ε

)
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Near integrable Hamiltonian systems

Rescaled Hamiltonian

New Hamiltonian

H
(

y , x ,
t

ε

)
=

y 2

2
+ h1

(
εy , x ,

t

ε

)
where

Now the perturbation term h1 has the same order as the integrable
system but is fast and periodic in time.

The fast oscillating terms are expected to average out (at first order)
and then to have a small influence.

So, we first study the average of h1 with respect to t.

To simplify the presentation we assume that h1 does not depend on I :

H
(

y , x ,
t

ε

)
=

y 2

2
+ h1

(
x ,

t

ε

)
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Near integrable Hamiltonian systems

Rescaled Hamiltonian

We split the Hamiltonian H
(
y , x , t

ε

)
= y 2

2 + h1

(
x , t

ε

)
as

H
(

y , x ,
t

ε

)
=

y 2

2
+ V (x) + F

(
x ,

t

ε

)
where

V (x) = 〈h1(x , τ)〉 =
1

2π

∫ 2π

0

h1(x , τ)dτ

F (x , τ) = h1(x , τ)− 〈h1(x , τ)〉

Since F (x , t/ε) is fast oscillating in time, we study our system as a
perturbation of

H0(x , y) =
y 2

2
+ V (x)

H0(x , y) =
y 2

2
+ V (x) + F (x ,

t

ε
)
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Near integrable Hamiltonian systems

The new unperturbed system

New unperturbed Hamiltonian H0(x , y) = y2

2 + V (x).

p

2pipi

q

0

Generically H0 has (at least) a
hyperbolic critical point whose
invariant manifolds coincide along a
separatrix.

With a translation one of the critical
points can be located at (0, 0).

When the hyperbolic critical point is
unique, we have a pendulum-like
phase portrait.
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Near integrable Hamiltonian systems

Dynamics of the averaged system and of the complete system.
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Near integrable Hamiltonian systems

The classical pendulum

A classical example is when H = I 2

2 + δ(cos x − 1)(1 + sin τ).
In this case after the previous scaling we obtain the rapidly periodically
forced pendulum:

ẋ = y

ẏ = sin x + sin x sin
t

ε

This equation is one of the paradigmatic examples of exponentially small
splitting of separatrices of a Hamiltonian system of 1 and a half d.o.f.
We will study:

ẋ = y

ẏ = sin x + µ sin x sin
t

ε

and see how the results depend on the size of this “fake” parameter µ.
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Near integrable Hamiltonian systems

The classical pendulum

There is a long story of author trying to prove the splitting of the invariant
manifolds asking different conditions if the smallness of the parameter µ:
Scheurle, J. and Marsden, J. and Holmes,P, 1991
Delshams, A. and Seara, T. M, 1991
Ellison, J. Kummer, M. Sáenz, A. W, 1992
Angenent, 1993
Fontich, 1993,
Sauzin D. 1995,
Treshev, D. 1997,
Fiedler, S. 1996,
Gelfreich, V. 1996
Guardia, M. and Olivé, C. and M. Seara, T., 2010
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Near integrable Hamiltonian systems

The perturbed system

t

q

p

wu
ws

2pi

3-dimensional phase space.

The invariant manifolds are now
2-dimensional.

Tipically they do not coincide
anymore (the separatrix splits)
but they intersect transversally.

We want to prove this fact and give quantitative measures of the
splitting.

These quantitative estimates give a bound for the region of the phase
space where chaotic orbits are confined.
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Near integrable Hamiltonian systems
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